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EXAMPLES OF EXPANDING ENDOMORPHISMS ON FAKE
TORI
F. THOMAS FARRELL AND ANDREY GOGOLEV∗
Abstract. We construct expanding endomorphisms on smooth manifolds that
are homeomorphic to tori yet have exotic underlying PL-structures.
1. Introduction
Let M be a closed smooth manifold. Recall that a smooth map f : M → M is
called an expanding endomorphism ifM admits a Riemannian metric ‖ ·‖ such that
‖Df(v)‖ > ‖v‖ for all non-zero tangent vectors v.
Shub [Sh69] proved that an expanding endomorphism of a closed manifold M is
topologically conjugate to an affine expanding endomorphism of an infranilmani-
fold if and only if the fundamental group pi1(M) contains a nilpotent subgroup of
finite index. Franks [Fr70] showed that if M admits an expanding endomorphism
then pi1(M) has polynomial growth. Finally, in 1981, Gromov [Gr81] completed
classification by showing that any finitely generated group of polynomial growth
contains a nilpotent subgroup of finite index. Hence any expanding endomorphism
is topologically conjugate to an affine expanding endomorphism of an infranilman-
ifold. In particular, any manifold that supports an expanding endomorphism is
homeomorphic to an infranilmanifold.
Farrell and Jones [FJ78] showed that any connected sum Td#Σd of the standard
d-dimensional torus Td = Rd/Zd and a homotopy sphere Σd admits an expanding
endomorphism. When Σd (d ≥ 7) is not diffeomorphic to the standard sphere
S
d, this constraction provides an example of a manifold that admits an expanding
endomorphism and is not diffeomorphic to any infranilmanifold. However, Td#Σd
is always PL homeomorphic to the standard torus Td via the Alexander trick.
A d-dimensional smooth manifoldM is called a fake torus ifM is homeomorphic
to Td but not PL homeomorphic to Td. In this paper we obtain the first examples
of fake tori that admit expanding endomorphisms.
Theorem. For any d ≥ 7 there exists a d-dimensional fake torus M that admits
an expanding endomorphism.
Remark 1.1. Lee and Raymond [LR82] showed that any isomorphism between the
fundamental groups of a pair of infranilmanifolds is induced by a diffeomorphism.
It follows that a fake torus is not PL homeomorphic to any infranilmanifold.
∗Both authors were partially supported by NSF grants. The second named author also would
like to acknowledge the support provided by Dean’s Research Semester Award.
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2. Fake tori
Let n ≥ 6 and let Tn = Rn/Zn be the n-torus. Consider the standard 3n-sheeted
self-covering map pi : Tn → Tn given by
pi(x) = 3x mod Zn.
If h : Tn → Tn is a diffeomorphism which induces the identity homomorphism
on pi1(T
n) then h lifts through pi; i.e., there exists a diffeomorphism h˜ : Tn → Tn
that makes the following diagram commute
T
n h˜−−−−→ Tn
pi
y piy
T
n h−−−−→ Tn
Note that there are exactly 3n such liftings and they are all diffeotopic. We say
that two diffeomorphisms are diffeotopic if they are isotopic through a smooth path
of diffeomorphisms.
Proposition 2.1. For any n ≥ 6 there exists a diffeomorphism h : Tn → Tn such
that
1. h is topologically pseudo-isotopic to idTn ;
2. h is not PL pseudo-isotopic to idTn;
3. h˜ is diffeotopic to h;
4. h2 = h ◦ h is diffeotopic to idTn .
Recall that given a diffeomorphism h : Tn → Tn the mapping torus of h is defined
as
Mh = [0, 1]× T
n/(1, x) ∼ (0, h(x)).
Proposition 2.2. A diffeomorphism h : Tn → Tn, n ≥ 5, is PL pseudo-isotopic to
idTn if and only if the mapping torus Mh is PL homeomorphic to T
n+1.
We immediately obtain the following result.
Corollary 2.3. If h : Tn → Tn, n ≥ 6, is a diffeomorphism given by Proposition 2.1
then the mapping torus Mh is a fake torus.
Addendum to Proposition 2.2. In fact, the assignment h 7→ Mh gives a bi-
jection between the smooth pseudo-isotopy classes of diffeomorphisms h of Tn such
that h# = idpi1(Tn) and the smooth structures θ on T
n+1 such that the inclusion
map σ : Tn × {0} → (Tn × S1, θ) is a smooth embedding.
Remark 2.4. By smoothing theory [KS77, page 194] (also see [Ru01]) these struc-
tures naturally correspond to the subgroup of those elements ϕ ∈ [Tn+1, T op/O]
for which ϕ ◦ σ ∈ [Tn, T op/O] is the zero element, i.e., ϕ ◦ σ null-homotopic.
Proof of Proposition 2.2. It is straightforward to see that if h is PL pseudo-isotopic
to idTn then Mh is PL homeomorphic to T
n+1.
To see the other implication, let F : Tn+1 →Mh be a PL homeomorphism. Since
Mh is homeomorphic to T
n+1, the induced map h# on pi1(T
n) must be identity.
Hence the fundamental groups of Tn+1 = Tn × S1 (we view Tn+1 as a mapping
torus of idTn) and Mh are “canonically” identified (up to specifying a cross section
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to the bundle projection Mh → S
1). By precomposing F with a diffeomorphism of
T
n+1 we can assume that F# : pi1(T
n+1)→ pi1(Mh) is the canonical identification.
Recall that Mh can be viewed as the total space of a T
n-bundle over S1. Denote
by N ⊂ Mh a distinguished fiber of this bundle. Then, since F# is the canonical
identification, we have
i#(pi1(T
n × {0})) = F−1# (pi1(N)), (2.1)
where i : Tn × {0} → Tn × S1 is an inclusion of a fiber.
Now consider the trivial cobordism Tn+1× [0, 1]. View the top boundary Tn+1×
{1} as the trivial bundle Tn × S1. Using F we pull back the fibration of Mh to
obtain a PL Tn-bundle over S1 on the bottom boundary Tn+1×{0}. Then F−1(N)
is a distinguished fiber on the bottom. Because of the equation (2.1) and the
fact that the Whitehead group Wh(pin(T
n+1)) vanishes we can apply the fibering
theorem of [F71] (which requires n ≥ 4) to Tn+1 × [0, 1]. This way we obtain a PL
fibering of Tn+1× [0, 1] over S1 that extends the fiberings of the top and the bottom
boundaries. In particular, we obtain a PL submanifold Wn+1 ⊂ Tn+1 × [0, 1] such
that ∂−Wn+1 = F−1(N) and ∂+Wn+1 = (Tn×{0})×{1}, where Tn×{0} ⊂ Tn+1
is a fiber of the trivial fibering of Tn+1 × {1} (see Figure 1).
T
n+1 × {1}
T
n+1 × {0}
F
−1(N)
W
n+1
T
n × {0}
Figure 1.
It is easy to check thatWn+1 is an h-cobordism. SinceWh(pi1(T
n)) vanishes the
s-cobordism theorem (which requires n ≥ 5) applies and we conclude that Wn+1
is PL homeomorphic to the product Tn × [0, 1]. Cutting Tn+1 × [0, 1] open along
Wn+1 yields a new relative h-cobordism Wn+2 between Tn+1 cut along F−1(N)
and Tn+1 cut along Tn × {0}. Again, since Wh(pin(T
n)) = 0, this h-cobordism is
a PL product extending the product structure on Wn+1. Therefore we obtain a
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homeomorphism G : Tn+1 × [0, 1]→ Tn+1 × [0, 1] such that
G|Tn+1×{1} = idTn and G((T
n × {0})× {0}) = F−1(N).
Let F1 = F ◦ G|Tn+1×{0}. Then we have F1(T
n × {0}) = N ⊆ Mh. Cutting T
n+1
andMh open along T
n×{0} andN respectively yields a PL pseudo-isotopy between
h ◦ ψ and ψ, where ψ = F1|Tn×{0}. Precomposing this pseudo-isotopy with
ψ−1 × id : Tn × [0, 1]→ Tn × [0, 1]
yields the desired PL pseudo-isotopy between h and idTn . 
Proof of Proposition 2.1. Let m = n− 1. Consider the following diagram
T
m+1 = Tm−2 × T3
pr
−→ T3
ρ
−→ S3
α
−→ Top/O,
where pr is the projection to the T3 factor, ρ is a degree one map and α ∈
pi3(Top/O) ≃ Z2 is the generator. Let ϕ be the composite map
ϕ = α ◦ ρ ◦ pr.
Also let σ : Tm × {0} → Tm+1 = Tm × S1 be the inclusion map. Clearly ϕ ◦ σ is
null-homotopic. Hence, by Remark 2.4 (in which m replaces n) the smoothing θ of
T
m+1 corresponding to ϕ determines a diffeomorphism g : Tm → Tm such that the
mapping torus of g is (Tm+1, θ). Now we define
h = g × id : Tn−1 × S1 → Tn−1 × S1,
and proceed to verify properties 1-4 of the proposition.
Verification of property 1. By the definition of h the induced map h# on the
fundamental group is identity. Hence, by the work of Hsiang and Wall [HW69], h
is topologically pseudo-isotopic to idTn .
Verification of property 2. Assume to the contrary that h is PL pseudo-isotopic
to idTn . Then, by Proposition 2.2, the mapping torus Mh =Mg×S
1 is PL homeo-
morphic to Tn+1 = Tn×S1. As before, we can arrange that the PL homeomorphism
betweenMg×S
1 and Tn×S1 induces the canonical identification of the fundamen-
tal groups. We pass to the infinite cyclic covering to obtain a PL homeomorphism
F : Mg×R→ T
n×R. By cutting Tn×R along F (Mg×{0}) and T
n×{t} for a suffi-
ciently large t we obtain a PL h-cobordism betweenMg and T
n. SinceWh(pi1(T
n))
vanishes, we conclude that Mg is PL homeomorphic to T
n.
Recall that by the work of Hsiang and Wall [HW69] homotopic homeomorphisms
of Tn are topologically pseudo-isotopic. Using this fact together with PL “smooth-
ing” theory of Kirby and Siebenmann [KS77], we conclude that
γ ◦ ϕ : Tn → Top/PL = K(Z2, 3)
is null-homotopic. Here γ is the canonical map Top/O→ Top/PL.
Now let a be the generator of H3(Top/PL,Z2). Then the cohomology class
(γ ◦ ϕ)∗(a) ∈ H3(Tn,Z2) vanishes. Since (ρ ◦ pr)
∗ : H3(S3,Z2) → H
3(Tn,Z2) is
clearly monic, we obtain that
(γ ◦ α)∗(a) = 0 (2.2)
But γ# : pi3(Top/O) → pi3(Top/PL) is an isomorphism. Hence γ ◦ α is the gen-
erator of pi3(Top/PL) = pi3(K(Z2, 3)) because of our choice of α. Therefore
(γ ◦ α)∗ : H3(Top/PL,Z2) → H
3(S3,Z2) is also monic. Thus (2.2) implies that
a = 0 yielding a contradiction.
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Verification of property 3. Recall that θ is the smooth structure on Tn which
corresponds to homotopy class of ϕ. The 3n-sheeted covering map pi : Tn → Tn
induces a smooth structure ω on Tn; namely, the smooth structure such that
pi : (Tn, ω)→ (Tn, θ) is a smooth codimension zero immersion. This smooth struc-
ture corresponds to the homotopy class of the continuous map ϕ◦pi : Tn → Top/O.
This map is clearly the same map as the composite map
T
n−3 × T3
pr
−→ T3
pi′
−→ T3
ρ
−→ S3
α
−→ Top/O,
where pi′ : T3 → T3 is given by x 7→ (3x mod Z3). Since ρ ◦ pi′ : T3 → S3 has
odd degree (namely 27), the map α ◦ ρ ◦ pi′ is homotopic to α ◦ ρ. This is because
the canonical map γ : Top/O → Top/PL = K(Z2, 3) is 7-connected and T
3 is 3-
dimensional. Therefore ϕ◦pi is homotopic to ϕ and (Tn, ω) is smoothly concordant
to (Tn, θ).
Now let g˜ : Tn−1 → Tn−1 be a lifting of g through the covering map x 7→
(3x mod Zn−1). Then, by the Addendum to Proposition 2.2, g˜ is smoothly
pseudo-isotopic to g. Let F : Tn−1× [0, 1]→ Tn−1× [0, 1] be such a pseudo-isotopy;
i.e., let F be a diffeomorphism such that
F |Tn−1×{0} = g and F |Tn−1×{1} = g˜.
Since S1 has zero Euler characteristic, the product formula for concordances [H78,
Proposition on p. 18] applied to F , yields a diffeotopy between h = g × idS1 and
h˜ = g˜ × idS1 .
Verification of property 4. Let τ : S1 → S1 be the double covering map given
by x 7→ (2x mod Z) and let Ω be the lifting of θ, i.e., the smooth structure on
T
n such that id × τ : (Tn−1 × S1,Ω) → (Tn−1 × S1, θ) is a smooth codimension
zero immersion. This smooth structure corresponds to the homotopy class of the
continuous map ϕ ◦ (id × τ) : Tn → Top/O. This map is clearly the same as the
composite map
T
n−3 × T3
pr
−→ T3 = T2 × S1
id×τ
−−−→ T2 × S1
ρ
−→ S3
α
−→ Top/O.
Since ρ ◦ (id× τ) : T3 → S3 has even degree (namely 2), the map α ◦ ρ ◦ (id× τ) is
null-homotopic. Hence ϕ ◦ (id× τ) is also null-homotopic, and (Tn,Ω) is smoothly
concordant to Tn equipped with its natural smooth structure.
A standard argument shows that the mapping torus of g2 is smoothly concordant
to (Tn,Ω). We conclude, by the Addendum to Proposition 2.2, that g2 is smoothly
pseudo-isotopic to idTn−1. Therefore, by arguing as we did in verifying property 3,
we see that h2 = (g × idS1)
2 = g2 × idS1 is diffeotopic to idTn−1 × idS1 = idTn . 
3. Construction of the expanding endomorphism
Consider the diffeomorphism h : Tn → Tn given by Proposition 2.1. Let Mh
be the mapping torus of h. Manifold Mh is a fake torus by Proposition 2.2. For
each k ≥ 1 and m ≥ 1, we will define self-covering maps pk, qm : Mh → Mh. Our
strategy is to obtain an expanding endomorphism of Mh by composing pk and qm
for sufficiently large k. Roughly speaking, pk will be expanding with respect to
x ∈ Tn, that is, along the fibers and qm will be expanding with respect to t, that
is, transversely to the fibers.
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3.1. Construction of covering map pk. Recall that pi : T
n → Tn is given by
x 7→ (3x mod Zn). Let h0 = h and let h1 : T
n → Tn be some lift of h0 through
pi. By property 3 of Proposition 2.1, h0 is diffeotopic to h1. Hence there exists a
diffeotopy ϕ1 : [0, 1]× T
n → Tn such that ϕ1(0, ·) = idTn and ϕ1(1, ·) = h
−1
1 ◦ h0.
Next we define a sequence of liftings {hi; i ≥ 0} inductively. Assume that for
some i ≥ 1 we have defined a diffeomorphism hi−1 : T
n → Tn and its lifting hi.
Also assume that we have a diffeotopy ϕi : [0, 1]× T
n → Tn that connects idTn to
h−1i ◦hi−1. Then, by the Lifting Lemma, there exists a unique diffeotopy ϕi+1 such
that ϕi+1(0, ·) = idTn and the diagram
T
n ϕi+1(t,·)−−−−−−→ Tn
pi
y piy
T
n ϕi(t,·)−−−−→ Tn
commutes for every t ∈ [0, 1]. Define
hi+1 = hi ◦ ϕi+1(1, ·)
−1.
It is easy to see that hi+1 is a lifting of hi. Also note that each hi is a (particular)
lifting of h through the covering map pii.
Next we describe two auxiliary manifolds Nk and Mhk . Manifold Mhk is simply
the mapping torus of hk, i.e.,
Mhk = [0, 1]× T
n/(1, x) ∼ (0, hk(x)).
Manifold Nk is a multiple mapping torus of the sequence of diffeomorphisms h = h0,
h−1k−1 ◦ hk, h
−1
k−2 ◦ hk−1, . . . h
−1
0 h1 defined in the following way
Nk =
k⊔
i=1
[
i
k + 1
,
i+ 1
k + 1
]
×Tn
/ (1, x) ∼ (0, h(x)),(
r
[
i
k+1 ,
i+1
k+1
]
, x
)
∼
(
l
[
i+1
k+1 ,
i+2
k+1
]
, h−1k−i−1(hk−i(x))
)
,
1 ≤ i ≤ k − 1
Here if [a, b] is an interval then l[a, b] = a and r[a, b] = b.
Now we will construct three auxiliary maps Hk, Fk and Pk whose domains and
ranges are indicated in the diagram below
Nk
Fk // Mhk
Pk
||②②
②②
②②
②②
Mh
Hk
OO
We define these maps by the following formulae
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Hk(t, x) =
{
(t, ϕk−i
(
(k + 1)(t− i
k+1 ), x)
)
, if i
k+1 ≤ t ≤
i+1
k+1 , i = 0, . . . k − 1
(t, x), if k
k+1 ≤ t ≤ 1
Fk(t, x) =
{
(t, x), if 0 ≤ t ≤ 1
k+1
(t, h−1k (hk−i(x))), if
i
k+1 ≤ t ≤
i+1
k+1 , i = 1, . . . k
Pk(t, x) = (t, 3
kx mod Zn).
Since hk is a lifting of h with respect to pi
k : Tn → Tn, the last formula indeed
gives a well defined 3kn-sheeted covering map Pk : Mhk → Mh. The fact that the
first two formulae give well defined diffeomorphisms can be checked directly using
Figures 2 and 3.
. . .
id id id
. . .
h
h
h−1
k−1
◦ hk
Mh
h−1
k−2
◦ hk−1 h
−1
0
◦ h1
ϕk ϕk−1 ϕk−2 ϕ1 id Hk
Nk
Figure 2.
Finally define
pk = Pk ◦ Fk ◦Hk.
It is clear from our definitions that pk has the form pk(t, x) = (t, ρk,t(x)), where
each ρk,t is a 3
kn-sheeted self-covering map.
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. . .
. . .
h
hk
Nk
h
−
1
k
◦
h
k
−
1
id Fk
Mhk
id id id
h
−
1
k
◦
h
k
−
2
h
−
1
k
◦
h
1
h
−
1
k
◦
h
0
h
−1
k−1
◦ hk h
−1
k−2
◦ hk−1 h
−1
0
◦ h1
Figure 3.
3.2. The expanding property of pk. We equip Mh with a Riemannian metric
in the following way. Let g0 be the standard flat metric on T
n and let g1 = h
∗g0.
For every t ∈ [0, 1] we let gt = (1− t)g0 + tg1. For each point (t, x) ∈Mh we equip
the tangent space Tt,xMh with the scalar product gt(x) + dt
2. Clearly this defines
a Riemannian metric on Mh which we denote by G. We write ‖v‖G for the norm
of a vector v ∈ TMh. If a vector v ∈ TMh is tangent to a torus fiber of Mh then
we say that v is a vertical vector and we write v ∈ T ‖Mh.
Lemma 3.1. For any λ > 1 there exists k ≥ 1 such that
‖Dpk(v)‖G ≥ λ‖v‖G, for any v ∈ T
‖Mh.
Proof. For each k ≥ 1 define the Riemannian metric on the fibers ofMhk by letting
gk,t = (Fk ◦Hk|{t}×Tn)∗gt.
Then Gk(t, x) = gk,t(x)+ dt
2 is a Riemannian metric onMhk . We will write ‖v‖Gk
for the Gk-norm of a vector v ∈ TMhk . We can also equip each fiber of Mh and
Mhk with a flat metric g0. Indeed, recall that both mapping tori Mh and Mhk
can be identified with [0, 1)× Tn. Hence each fiber is identified with the flat torus
(Tn, g0). We will write ‖v‖0 for the g0-norm of a vertical vector v ∈ T
‖Mh. Same
notation ‖v‖0 will be used for v ∈ T
‖Mhk .
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The proof of the lemma is based on the following facts.
1. There exists a constant c > 0 such that c ≤ ‖v‖G‖v‖0 ≤
1
c
for all v ∈ T ‖Mh;
2. ‖DPk(v)‖0 = 3
k‖v‖0 for all v ∈ T
‖Mhk ;
3. There exists a constant C > 0 such that ‖D(Fk ◦Hk|{t}×Tn)(v)‖0 ≥ C‖v‖0
for all k ≥ 1, t ∈ [0, 1) and v ∈ T ‖Mh.
The first fact is due to compactness of Mh. The second one follows from the
definition of Pk. To see the third fact recall that the diffeomorphisms Fk◦Hk|{t}×Tn
are the compositions of at most three diffeomorphisms of Tn of the form hi, h
−1
i
and ϕj(t, ·), where i, j ∈ {1, 2, . . . k} and t ∈ [0, 1]. The latter diffeomorphisms
are liftings of h, h−1 and ϕ1(t, 0), t ∈ [0, 1], respectively, through the various
homothetic self-covering maps pis, s ≥ 1. Hence the conorms of differentials of
these diffeomorphisms are bounded uniformly in i, j and t from below.
For a non-zero v ∈ T ‖Mh, we have
‖D(Pk ◦ Fk ◦Hk)(v)‖G
‖v‖G
=
‖D(Pk ◦ Fk ◦Hk)(v)‖G
‖D(Pk ◦ Fk ◦Hk)(v)‖0
·
‖D(Pk ◦ Fk ◦Hk)(v)‖0
‖v‖0
·
‖v‖0
‖v‖G
≥ c2
‖D(Pk ◦ Fk ◦Hk)(v)‖0
‖v‖0
= c23k
‖D(Fk ◦Hk)(v)‖0
‖v‖0
≥ c23kC.
Recall that c and C do not depend on k. Choose k so that c23kC > λ. The lemma
follows. 
3.3. Construction of covering map qm. Pick an integer m ≥ 1. We will define
auxiliary manifolds M¯h,m, M
′
h,m and M˜h,m together with maps between them as
indicated on the diagram below
M¯h,m
Sm // M ′h,m
Tm // M˜h,m
Qm
{{✇✇
✇✇
✇✇
✇✇
✇
Mh
Rm
cc●●●●●●●●●
Manifold M¯h,m is a “long mapping torus”
M¯h,m = [0, 2m+ 1]× T
n/(2m+ 1, x) ∼ (0, h(x)).
Manifolds M ′h,m and M˜h,m are multiple mapping tori defined as follows
M ′h,m =
2m+1⊔
i=1
[i−1, i]×Tn
/ (2m+ 1, x) ∼ (0, h(x)),
(r[i − 1, i], x) ∼ (l[i, i+ 1], x), if i is odd, 1 ≤ i ≤ 2m− 1,
(r[i − 1, i], x) ∼ (l[i, i+ 1], h2(x)), if i is even, 2 ≤ i ≤ 2m
M˜h,m =
2m+1⊔
i=1
[i− 1, i]× Tn
/
(2m+ 1, x) ∼ (0, h(x)),
(r[i − 1, i], x) ∼ (l[i, i+ 1], h(x)), 1 ≤ i ≤ 2m
Now we define the maps. We set
Rm(t, x) = ((2m+ 1)t, x).
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By property 4 in Proposition 2.1 there exists a diffeotopy ψ : [0, 1]×Tn → Tn such
that ψ(0, ·) = idTn and ψ(1, ·) = h
−2. Define
Sm(t, x) =
{
(t, x) if i ≤ t ≤ i+ 1, i = 0, 2, . . .2m
(t, ψ(t− i, x)) if i ≤ t ≤ i+ 1, i = 1, 3, . . .2m− 1
and
Tm(t, x) =
{
(t, x) if i ≤ t ≤ i+ 1, i = 0, 2, 4, . . .2m
(t, h(x)) if i ≤ t ≤ i+ 1, i = 1, 3, . . . 2m− 1
With the help of Figure 4 one can check that Sm and Tm are well-defined diffeo-
. . .id id id
. . .
h
h
M¯h,m
id Sm
M ′h,m
. . .
h
id h id h id
idid ψ ψ
M˜h,m
id h2 h2
h h h
Tm
Figure 4.
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morphisms.
Finally define
Qm(t, x) = (t mod Z, x)
and
qm = Qm ◦ Tm ◦ Sm ◦Rm.
It is clear that qm is (2m+ 1)-sheeted self-covering map of the form
qm(t,m) = ((2m+ 1)t mod Z, ξm,t(x)).
3.4. The expanding map f . Fix any m ≥ 1 and consider the qm : Mh → Mh
constructed above. Let
c = inf
v∈T‖Mh
v 6=0
‖Dqm(v)‖G
‖v‖G
Clearly c > 0.
Now apply Lemma 3.1 with λ = 2
c
to obtain an integer k ≥ 1. Define
f = qm ◦ pk.
Then f : Mh →Mh is a self-covering map of the form
f(t, x) = ((2m+ 1)t mod Z, αt(x)).
Note that the subbundle T ‖Mh is Df -invariant.
Lemma 3.2. For any v ∈ T ‖Mh
‖Df(v)‖G ≥ 2‖v‖G.
Proof.
‖Df(v)‖G = ‖Dqm(Dpk(v))‖G ≥ c‖Dpk(v)‖G ≥ cλ‖v‖G = 2‖v‖G,
where the last inequality is provided by Lemma 3.1. 
Let T⊥Mh be the 1-dimensional orthogonal complement of T
‖Mh. Then for any
vector v ∈ TMh there is a unique decomposition
v = v‖ + v⊥,
where v‖ ∈ T ‖Mh and v
⊥ ∈ T⊥Mh. For a vector v
⊥ ∈ T⊥Mh we have
Df(v⊥)⊥ = (2m+ 1)v⊥
Also, since Mh is compact, there exists a constant K > 0 such that
‖(Dfv⊥)‖‖G ≤ K‖v
⊥‖G. (3.3)
Now we are ready to prove that f is expanding via a standard cone argument.
We equip TMh with a Finsler metric ||| · ||| defined in the following way
|||v||| = max
(
1
K
‖v‖‖G, ‖v
⊥‖G
)
.
We now show that f is expanding with respect to ||| · |||.
Case 1: ‖v⊥‖G ≥
1
K
‖v‖‖G. In this case we have
|||Df(v)||| ≥ ‖Df(v)⊥‖G = (2m+ 1)‖v
⊥‖G = (2m+ 1)|||v|||.
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Case 2: ‖v⊥‖G <
1
K
‖v‖‖G. We use (3.3) and Lemma 3.2 for the estimate below
|||Df(v)||| ≥
1
K
‖Df(v)‖‖G =
1
K
‖Df(v‖)‖ +Df(v⊥)‖‖G
≥
1
K
‖Df(v‖)‖‖G −
1
K
‖Df(v⊥)‖‖G ≥
2
K
‖v‖‖G −
1
K
·K‖v⊥‖G
>
2
K
‖v‖‖G −
1
K
‖v‖‖G =
1
K
‖v‖‖G = |||v|||.
Because Mh is compact we actually have
|||Df(v)||| > µ|||v|||
for some µ > 1 and all non-zero v ∈ TMh. Now let ‖ · ‖ be a Riemannian metric
on Mh. Then, because ‖ · ‖ and ||| · ||| are equivalent (c||| · ||| ≤ ‖ · ‖ ≤ C||| · |||), the
last inequality implies that for a sufficiently large N
‖DfN(v)‖ > ‖v‖
for all non-zero v ∈ TMh. Then, using the standard adapted metric construc-
tion [Math68], we can find a Riemannian metric ‖ · ‖ad such that
‖Df(v)‖ad > ‖v‖ad
for all non-zero v. Hence f is expanding. 
References
[F71] F.T. Farrell, The obstruction to fibering a manifold over a circle. Indiana Univ. Math.
J. 21 (1971), 315–346.
[FJ78] F.T. Farrell, L.E. Jones, Examples of expanding endomorphisms on exotic tori. Invent.
Math. 45 (1978), no. 2, 175–179.
[Fr70] J. Franks, Anosov diffeomorphisms. 1970 Global Analysis (Proc. Sympos. Pure Math.,
Vol. XIV, Berkeley, Calif., 1968) pp. 61–93 Amer. Math. Soc., Providence, R.I.
[H78] A.E. Hatcher, Concordance spaces, higher simple-homotopy theory, and applications.
Algebraic and geometric topology (Proc. Sympos. Pure Math., Stanford Univ., Stanford,
Calif., 1976), Part 1, pp. 3–21, vol. 32, Amer. Math. Soc., Providence, R.I., 1978.
[HW69] W.-C. Hsiang, C.T.C. Wall, On homotopy tori II. Bull. London Math. Soc. 1 (1969)
341–342.
[Gr81] M. Gromov, Groups of polynomial growth and expanding maps. Inst. Hautes E´tudes
Sci. Publ. Math. No. 53 (1981), 53–73.
[KS77] R. Kirby, L. C. Siebenmann, Foundational essays on topological manifolds, smoothings,
and triangulations. Annals of Mathematics Studies, No. 88. Princeton University Press,
Princeton, N.J.; University of Tokyo Press, Tokyo, 1977. vii+355 pp.
[LR82] K. B. Lee, F. Raymond, Rigidity of almost crystallographic groups. Combinatorial
methods in topology and algebraic geometry (Rochester, N.Y., 1982), 73–78, Contemp.
Math., 44, Amer. Math. Soc., Providence, RI, 1985.
[Math68] J. Mather. Characterization of Anosov diffeomorphisms. Nederl. Akad. Wetensch. Proc.
Ser. A 71 = Indag. Math. 30 (1968) 479–483.
[Ru01] Yu. Rudyak, Piecewise linear structures on topological manifolds. arXiv:math/0105047.
[Sh69] M. Shub, Endomorphisms of compact differentiable manifolds. Amer. J. Math. 91
(1969) 175–199.
F.T. Farrell, A. Gogolev
SUNY Binghamton, N.Y., 13902, U.S.A.
